Abstract: We present results from a comparative study of light curves of Cepheid and RR Lyrae stars in the Galaxy and the Magellanic Clouds with their theoretical models generated from the stellar pulsation codes. Fourier decomposition method is used to analyse the theoretical and the observed light curves at multiple wavelengths. In case of RR Lyrae stars, the amplitude and Fourier parameters from the models are consistent with observations in most period bins except for low metal-abundances (Z < 0.004). In case of Cepheid variables, we observe a greater offset between models and observations for both the amplitude and Fourier parameters. The theoretical amplitude parameters are typically larger than those from observations, except close to the period of 10 days. We find that these discrepancies between models and observations can be reduced if a higher convective efficiency is adopted in the pulsation codes. Our results suggest that a quantitative comparison of light curve structure is very useful to provide constraints for the input physics to the stellar pulsation models.
Introduction
Classical Cepheids and RR Lyraes are well-known distance indicators, thanks to their period-luminosity relation (Leavitt & Pickering 1912) that is often used for extragalactic distance measurements and to estimate a precise value of the Hubble constant (Riess et al. 2016) . These variables are also very useful stellar tracers of ages and metallicities, and very sensitive probes for the understanding of the theory of stellar pulsation and evolution (Cox 1980) . Simon & Lee (1981) were the first to use Fourier decomposition method for studying the light curve structure of Cepheids and since then, this method has been widely used for quantitative analysis of the light curves of these variables (Petersen 1984; Jurcsik & Kovacs 1996; Smolec 2005) . In the past decade, several attempts have been made to compare the pulsation properties of Cepheid and RR Lyrae with models (Bono et al. 2000a; Marconi et al. 2013 Marconi et al. , 2015 Marconi et al. , 2017 . More recently, an extensive comparison of the modern observed light curve data from the OGLE survey (Soszyński et al. 2008 (Soszyński et al. , 2010 (Soszyński et al. , 2014 (Soszyński et al. , 2016 (Soszyński et al. , 2017 with the theoretical models has been carried out for Cepheids by Bhardwaj et al. (2017) and for RR Lyraes by Das et al. (2018) .
In this paper, we summarize the results on the variation of theoretical light curve parameters of Cepheids and RR Lyraes and their comparison with the observations. The structure of this paper is as follows: Section 2 outlines the theoretical and observed data used in this analysis and briefly describes the Fourier decomposition method. We present the comparison of different theoretical parameters of Cepheid and RR Lyrae stars with those from observations in Section 3 and finally summarise our results in section 4.
Data & Methodology
We analyse the theoretical light curves generated using the nonlinear, time-dependent convective hydrodynamical models of a total of 384 FU Cepheids and 274 FU RR Lyraes obtained from Marconi et al. (2013) and Marconi et al. (2015) , respectively. The Cepheid and RR Lyrae models were computed by Marconi et al. (2013 Marconi et al. ( , 2015 for a fixed chemical composition and an adopted mass-luminosity relation for a range of effective temperatures using the hydrodynamical code developed by Stellingwerf (1982) and updated by Bono & Stellingwerf (1994) and Bono et al. (1998 Bono et al. ( , 1999 . For a detailed discussion concerning the input physics adopted to construct the evolutionary and pulsational models, the interested reader is referred to the papers above and references therein. The Cepheid models have three metal-abundances − Z = 0.02, Z = 0.008 and Z = 0.004 representative of their population in the Galaxy, Large Magellanic Cloud (LMC) and Small Magellanic Cloud (SMC), respectively while the RR Lyrae models have seven different metal-abundances ranging from Z = 0.02 to Z = 0.0001. The average metal-abundances of RR Lyrae stars in the Bulge, LMC and SMC was found to be Z = 0.001, Z = 0.0006 and Z = 0.0003, respectively (see, Das et al. 2018 , for details). Each chemical composition has a few sets of stellar masses and luminosities. For the Cepheid models, the canonical mass-luminosity relations are adopted from the stellar evolutionary calculations of Bono et al. (2000b) for a fixed chemical-composition. On the other hand, the non-canonical relations adopt a luminosity level brighter by 0.25 dex corresponding to each mass to account for possible mass-loss and/or overshooting. The convective efficiency is similar in both sets of models. The predicted bolometric light curves of both the Cepheid and RR Lyrae models have been transformed into visual and infrared color curves using static model atmospheres (Castelli et al. 1997a,b) . The RR Lyrae models also include models with periods longer than 1 day to take into account the possibility of evolved RR Lyrae stars.
For a comparison with the models, we analyse the observed light curve data for RR Lyrae stars in the Galactic bulge, LMC and SMC from the OGLE-IV survey (Soszyński et al. 2014 (Soszyński et al. , 2016 in the optical (V I) bands and in the globular cluster M4 (NGC 6121) from Neeley et al. (2015) in the mid-infrared (3.6 µm and 4.5 µm) bands. We also include the photometric data of type II Cepheids in the Bulge (Soszyński et al. 2017) , LMC (Soszyński et al. 2008 ) and SMC (Soszyński et al. 2010) for a comparison with the longer period RR Lyrae models. The photometric data for Cepheids are compiled from literature as given in Bhardwaj et al. (2015) . In addition, we also analyse the infrared data for SMC Cepheids from VMC survey (Ripepi et al. 2016 , Scowcroft et al. 2016 .
The theoretical and photometric light curve data of RR Lyrae and Cepheid variables are fitted with a Fourier sine series of the form (see, Deb & Singh 2009; Bhardwaj et al. 2017; Das et al. 2018 , for more details):
where x is the pulsation phase, m 0 is the mean magnitude and N is the order of the fit obtained from the Bart's criterion (Bart 1982) . Fourier amplitude and phase coefficients (A k and φ k ) are redefined as Fourier amplitude and phase parameters, respectively:
where, k > 1 and 0 ≤ φ k1 ≤ 2π.
3 Light curve analysis of Cepheids and RR Lyraes We compare peak-to-peak amplitudes from the light curves of Cepheid and RR Lyrae variables at multiple wavelengths with those from the models. Fig. 1 shows the comparison of mean amplitudes at optical and near-infrared wavelengths for Cepheids while Fig. 2 displays the same for RR Lyrae at optical wavelengths. The mean amplitudes are obtained by taking a bin size of log(P ) = 0.1 dex, moving in steps of 0.03 dex and finding the average in the given bin, with the error bars representing the standard deviation on the mean in that particular bin. In case of Cepheids, LMC models with Z = 0.008 are overplotted in colored symbols in Fig. 1 . We find that the K and L-band theoretical amplitudes are consistent with those from observations in most period bins. Similarly, optical (V I) and J-band amplitudes are also consistent around a period of 10 days but they are systematically larger than the observed amplitudes in other period bins. The observed mean amplitudes range from 0.1 to 1.2 mag while the theoretical amplitudes range upto ∼ 1.6 mag across infrared and optical bands. We also study the comparison of the mean amplitudes from RRab models and observations in the Bulge and SMC in the optical (V I) bands in Fig. 2 and find a monotonic decrease in the mean amplitudes with period for both models with Z > 0.004 and Z = 0.004 and observations in the range −0.35 < log(P ) < 0. While the amplitude ranges are consistent between models and observations, the theoretical mean amplitudes are, in general, higher than those from observations; the longer period (log(P ) > −0.1) models with Z < 0.004 have significantly larger amplitudes than those from observations. An increase in the mixing length parameter would reduce this discrepancy in the results between models and observations by decreasing the pulsation amplitudes of the theoretical light curves, while keeping the structure of the light curves unchanged for both Cepheids (Bono et al. 2002 , Bhardwaj et al. 2017 ) and RR Lyraes (Di Criscienzo et al. 2004 ). Fig. 3 shows the comparison of Fourier parameters from the observed Cepheids in the Galaxy, LMC and SMC with those from models of corresponding metal-abundances of Z = 0.02, Z = 0.008 and Z = 0.004, respectively in the I-band. The theoretical R 21 are consistent with those obtained from the observed light curves of Cepheids in the Galaxy at the short period range (log(P ) < 1.1) and for Cepheids in the Magellanic Clouds at longer periods (log(P ) > 1.1). However, the amplitude parameters are systematically larger for LMC and SMC for log(P ) < 1. In the overlapping period range (0.8 < log(P ) < 1.1), the canonical models are inconsistent with observations in the R 21 plane while the non-canonical models match well; this discrepancy between models and observations increases with a decrease in metallicity in the given period range. The theoretical φ 31 values have a small offset with the observations from LMC and SMC at the longer periods (log(P ) > 1.2) but are significantly larger for the short period (log(P ) < 0.9) Galactic Cepheids. 4 displays a comparison of the mean I-band Fourier parameters from RRab models with those from observed RRab stars and type II Cepheids in the Bulge, LMC and SMC. We find the theoretical R 21 and φ 31 values are consistent in most period bins except in the period range of 0 < log(P ) < 0.15 where the R 21 from the Z < 0.004 are significantly higher than the observed values for the type II Cepheids. While there is an overall consistency in Fourier parameters between models and observations given the large uncertainties, the amplitude parameters are typically larger than the observations and this discrepancy can be resolved by adopting a higher mixing length (Marconi & Clementini 2005) . We also compared Fourier parameters from limited NIR data available in the globular cluster in Fig. 5 and found the observations and theory to be in a better agreement at longer wavelengths. More well-sampled NIR light curves of RR Lyrae are needed to provide more constraints for the theoretical models.
It has been shown previously that the discrepancies between Fourier parameters from models and observations can be resolved by increasing the mixing length parameter (Marconi & Clementini 2005 , Marconi & Degl'Innocenti 2007 for RR Lyraes and Fiorentino et al. 2007 for classical Cepheids). Fig. 6 shows the I-band Fourier parameters for the FU Cepheid models with Z = 0.008 for two mixing length parameters, α = 1.5 and α = 1.8. It is evident that with the higher mixing length the theoretical amplitudes become more consistent with the observations. In terms of phase parameters, there is only marginal changes in the φ 31 values, especially at the shorter period range (log(P ) < 1). In addition to providing a comparison between models and observations, the variation in the light curve parameters with period and wavelength can also provide insights to non-linearity and metallicity effects on the period-luminosity relations of Cepheid and RR Lyrae variables (Bhardwaj et al. 2017) . 
Discussion and Conclusions
We have carried out an extensive comparison of the multiband observed light curves of Cepheid and RR Lyrae variables with the most recent nonlinear, time-dependent convective hydrodynamical models. We find that the theoretical amplitude parameters from Cepheids are systematically larger than those from observations as a function of period, except around the period of 10 days for the V IJbands. The KL-band theoretical amplitudes are more consistent with observations over most period bins. For the RR Lyrae models, barring the longer period (log(P ) > −0.1) models with Z < 0.004, the theoretical amplitude parameters are well-consistent with those from observations. However, the theoretical peak-to-peak amplitude parameters from both Cepheids and RR Lyraes are, in general, higher from those from observations. Increasing the mixing length parameter would cause a decrease in the pulsation amplitudes of the theoretical light curves for both Cepheids (Bono et al. 2002) and RR Lyraes (Di Criscienzo et al. 2004) , thereby reducing the offset between the models and observations. These results form a basis for a rigorous comparison between pulsation models and observations for Cepheid and RR Lyrae and will provide stringent constraints for the pulsation models when combined with upcoming data from the multiwavelength wide-field variability surveys. As a part of our future work, we plan to observe RR Lyrae stars in the Globular clusters at multiple wavelengths to investigate amplitude and phase modulations in these variables and to constrain the metallicity dependence on their period-luminosity relations at near-infrared wavelengths. Additionally, the bright classical Cepheids and long-period variables in the M31/M33 will be monitored with one or more BINA telescopes including the 3.6-m Devasthal Optical Telescope for the stellar pulsation and distance scale studies. 
